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In this paper we prove that if a semilocally l-connected Peano space X admits a positively 
expansive open map J; then X is homeomorphic to an infra-nil-manifold and f is topologically 
conjugate to an expanding infra-nil-endomorphism. 
AMS (MOS) Subj. Class.: Primary 54H20, 58Fl5; 
Let (X, d) be a compact metric space and f: X + X be a continuous map. We 
say that f is positively expansive if there is a constant c > 0 such that if x, y E X and 
x # y, then d(f “(x), f “(y))> c for some n 3 0. Positive expansiveness is indepen- 
dent of the metrics compatible with original topology, and preserved under topologi- 
cal conjugacy. If f is open and positively expansive, then f is a covering map with 
covering degree 22 whenever X is nontrivial and connected (cf. [6] and [9, p. 871). 
Every positively expansive map of a closed topological manifold is always an open 
map. But in general positive expansiveness does not imply openness of continuous 
maps. 
Our interest is in the study of spaces which admit positively expansive open maps, 
and of characterization of positively expansive open maps. This subject has been 
investigated by many people. For example, Eisenberg [7], Shub [17, 181, Franks 
[8], Coven and Reddy [3], Gromov [lo], Aoki [l], Curtis and Miklos [4] and others. 
Recently the author [12] proved that a positively expansive map of an arbitrary 
closed topological manifold is topologically conjugate to an expanding infra-nil- 
endomorphism. In this paper we show that if a semilocally l-connected Peano space 
admits a positively expansive open map, then the space must be a closed topological 
manifold. Notice that our result cannot hold for positively expansive maps which 
drop the assumption of openness. Indeed, let S be the unit circle in the complex 
plane, i.e., S is the set of complex numbers of modulus one. In particular 1 is in S. 
Glue two copies of S at the point 1, and define the map z H z2 in each copy. This 
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gives a positively expansive map on the one point union of two circles. Obviously 
this map is not open. Also, see Rosenholtz [16, pp. 3-41. 
Let L be a simply connected nilpotent Lie group with a left invariant Biemannian 
metric and denote by Aff(L) the group of transformations of L generated by all left 
translations and by all automorphisms from L onto itself. Let r c Aff( L) be a group 
which acts freely and discretely on L. If the quotient X = L/T is compact, then it 
is called an infru-nil-manifold. Each expanding automorphism L+ L which respects 
r induces an expanding map X + X. Such a map is called an expanding infru-nil- 
endomorphism. 
A topological space X is called to be semilocally l-connected if for x E X there 
is an open neighborhood U of x in X such that the inclusion U c X induces the 
zero map ri( U, x) + rri(X, x) on the fundamental groups. When X is connected 
and locally path connected, it is known that X is semilocally l-connected if and 
only if a simply connected covering space of X exists ([19, pp. 81-831). 
As above let (X, d) be a compact metric space. We say that X is a Peano space 
if it is nontrivial, connected and locally connected. Note that every Peano space is 
locally path connected (see [ll, p. 2191). 
The purpose of this paper is to prove the following. 
Theorem. Let X be a Peano space andf : X + X be a continuous map. If X is semilocally 
l-connected and if f is open and positively expansive, then X is homeomorphic to 
an infra-nil-manifold and f is topologically conjugate to an expanding infra-nil- 
endomorphism. 
Remark 1. The assumption of semilocal I-connectedness in our theorem cannot be 
dropped. Indeed, an example of a Peano space which is not semilocally l-connected 
but admits a positively expansive open map is found in complex analytic dynamics. 
Let R : c + c be a rational map of the Riemann sphere and J(R) denote the Julia 
set of R. Then J(R) is an R-invariant closed subset of c and furthermore it is 
perfect [2, Theorem 4.81. Since R is a branched covering map and R-‘(J( R)) = J(R), 
it follows that RI,(~) : J(R) + J(R) is open. Let R(z) = z2 - 1. Then R,,(n) is expanding 
[2, Theorem 8.11, and hence positively expansive. Since J(R) is connected [2, 
Theorem 9.51 and locally connected (see [2, p. 130]), we see that J(R) is a Peano 
space. But it is not semilocally l-connected because c\J(R) consists of infinitely 
many disjoint open disks (see [2, Figure 3.71). 
Hereafter let X be as in the Theorem. Since X is semilocally l-connected, we 
have that the fundamental group r,(X) is finitely generated. Indeed, take a finite 
open cover U,, . . . , U, of X with the property that each Ui is path connected and 
for each pair (i, j) with U, n Uj # 0 the inclusion Vi v U, c X induces the zero map 
on the fundamental groups. Choose some base point p E X, for each i choose a path 
(Y~ from p to some point xi in Ui, and for each pair (i, j) with Ui n Uj # 0 choose 
a path acij) c Ui u Uj from xi to xj. It is not difficult to show that the finite family 
of loops p(y) = ‘Yio(i,j)(Yr’ based at p generates the fundamental group. 
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Let r : X + X be a simply connected covering space. We can consider that r,(X) 
is the group of all covering transformations for rr [ 19, p. 851. Let f: X + X be as 
in the Theorem and let f: X + X be a lift off by 7r. Since f is a covering map, _? 
is a homeomorphism. By Coven-Reddy [3], we can find a compatible metric d for 
X such that 
(i) d is complete, 
(ii) all covering transformations for rr are isometries under 2, - - 
(iii) there exists A > 1 such that d(f(x), J(y)) 2 Aa(x, y) for x, y E X. 
From (i) and (iii) it is easily checked that f has a fixed point. 
Remark 2. It is known (see [13, 15, 161) that every positively expansive open map 
of a compact connected metric space has a fixed point. 
Since rl(X) is finitely generated, growth of ni(X) is defined as in Gromov [lo] 
or the author [12]. Thus the following is obtained by running on the proof of [12, 
Proposition 21. Also, see Franks [8, p. 911. 
Proposition A. Let X and f be as in the Theorem. Then n,(X) has polynomial growth. 
The following is an extension of Theorem 4 of Shub [17] (cf. [8, Theorem 8.11) 
and a key fact for the proof of our theorem. 
Proposition B. Let X be as in the Theorem and f: X + X be a positively expansive 
open map with fixed point x0. Assume that Y is a compact, connected, locally path 
connected, semilocally 1 -connected Hausdorfl space, g : Y + Y is a continuous map 
with fixed point y0 and I#I : rr,( Y, yO) + rr,(X, x0) is a homomorphism such that the 
diagram 
commutes. Then there exists a unique continuous map h : Y + X such that h(yJ = x,,, 
h,=+ andfoh=hog. 
Let X,,E X be as in Proposition B and take X0 E K1(xO). Choose and fix a lift 
f : X + X off by rr such that 7(X,,) = X0. Then we can easily check the following: 
let d be the metric as above, then 
- -i (iv) for c > 0 and E > 0 there exists N> 0 such that d( f (x), f’(y)) c c (0~ is 
N)ed(x, y)s.e, 
- -i 
(v) for c> 0 if d(f (x), f’(y)) s c for all i 2 0, then x = y, 
(vi) for A4 > 0 there exists sM > 0 such that any M-pseudo-orbit {x,: i S- 0) of 7 - - 
(i.e., d( f (xi), Xi+,) < M for is 0) is &,-traced by a unique point of X. 
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(iv) follows from (iii), and (v) is obtained from (iv). To prove (vi) let {xi} be an 
M-pseudo-orbit off and put xP=fpi(xi) for i 20. By (iii) we have d(xT_r, xp) = 
- - - - 
d(f-i~~(Xi-~),J-i(Xi))~(l/hi)d(f(~,_~),~~)~ M/h’(i>O).Thus{x~}isaCauchy 
sequence and so xp + x as i -+ cx). Fix i > 0 and let 0 <j < i. Then we have 
B(x,, f’(xY)) = 2(x,, f’-i(xi)) 
=s d(x,, f -1(x,+,)) +. * 
- -. 
. + d(f’-‘+l(Xi_l), f’-i(xi)) 
c M(A-‘+a . .+hj-i)<c?M 
where SM = M/(A - 1). Therefore d(x,, f’(x)) < SM for j 3 0. 
We are in a position to check Proposition B. Let P, denote the orbit of Z,, by 
n,(X, x,,). Since f(%?,) = Z,, and f O(Y =f,(~)oJ for cr E n,(X, x,), we have f(I’%) c 
rz. Let g : Y+ Y be as in Proposition B. Since Y is connected and locally path 
connected and semilocally l-connected, we can take a simply connected covering 
space P : Y+ Y. Let y. be as in Proposition B and consider T~( Y, y,,) as the group 
of all covering transformations for I? Take and fix Y,,E P-‘(yJ, and choose a lift 
g:~~~ofgbyPsuchthatg(y,)=~,.ThengoP=g,(P)ogforP~~~(Y,y,).As 
above we denote by ry the orbit of Jo by nI( Y, yo). Then g(Tr) c rp. We define 
$I’:T~+I’~ by 
4’(P(J,)) = 4(P)(%) (P E r*( Y, Y,)). 
Then it follows that 
.M’(P(RJ) =.64(P)(%) 
=f*(4(P))o.?(%) 
= 4(g*(P))(%) 
= 4’(g*(P)(Yo)) 
= ~‘~S*(P)~S(llJ 
= +‘~g(P(%)), 
from which 
JOT’= +‘og on rv. (1) 
Since Y is compact and Hausdorff, there is a compact covering domain K for P 
such that T,,E K. Note that P(int(K)) = Y. Since K n g(K) is compact, 
is finite. Put M =maxpEz d(+(p)(%,), ZJ, then there is 8, > 0 such that any M- 
pseudo-orbit off is &,-traced by a unique point of _% 
To obtain the conclusion of Proposition B, we prepare three claims. Let y E %? 
Since K is a covering domain, for i 3 0 there is pi E 7rI( Y, yo) such that g’(y) E 
Pi(int(K)). 
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Claim 1. (4’0 pi&) : i 3 0) is an M-pseudo-orbit of5 
Since g’+‘(y) E $‘Pi(K) =g*(Pi)“g(K), we have g*(Pi)og(K) n Pi+,(K) Z fl and 
hence p~I,~g.+(&) E 2, from which there is 7; E 2 such that g*(pi)=/3i+loyi. By (1) 
we have 
_f”+“Pi(UO) = 4’“EoPi(Y0) 
= 4’og*(Pi)(h) 
= 4’“Pi+lo Yi(Y0) 
= 4(Pi+l)04(X)(x0) 
and so 
=B(~(pi+l)“~(n)(xo), 4(Pi+l)(%)) 
=d(c#~(y~)(X,),zi,)~ M (ia0). 
Let z,, be a &-tracing point of {4’oPi(_?o)}. 
Claim 2. zy is independent of the choice of {pi}. 
For i 2 0 let g’(y) E Pl(int(K)) for some PIE rr( Y, y,). Then {4’opl(J,,)} is an 
M-pseudo-orbit off and there is a unique zi E x such that zh S,-traces {~‘op~(yO)}. 
Since gi(y)~&(K)n/?i(K)#@, we have /3i=pio~ for some YiEX and SO 
- -i - -i 
d(f (zy>,fi(Z:))~d(f (Zy>v ~‘“Pi(Y~>>+~(~‘oPi(Y~), ~“P~(.Fo)) 
+~W%~Y,), f’(z:>, 
~26,+M (i>O), 
which implies zY = zb . 
Defineamap6:~+_%!byyHz,. Since jj, E K, clearly &(j,,) = 2,. For y E F let 
{pi} be as above. Then we have 
- -i - -i 
d(f o~“E(Y)v fioJoh(Y))cd(f ‘E(E(Y)), dJ”Pi+l(yO)) 
+ a#w%+dYo), Ji+‘o i(Y)) 
and so Log(y) =foi(y) for y E F Since g’(y) E &(int(K)) for i2-0, 
(-I,“=, E-‘(Pi(int(K))) is a neighborhood of y in F for N 20. If XE 
- -i n,“,,g-‘(P,(int(K))), then d(f 06(y), fioE(x))~226, for Otis N. Choose N 
large enough, then 2(6(y), 6(x)) is small, which shows continuity of h 
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Claim 3. Eop = 4(P)oiifor p E 7rl( Y, yo). 
Let y E Y and choose {pi} as above. Since g’op(y) = gi(p)og’(y) E g!JP)oPi(K), 
- -i we have d(f oKop(y), ~‘~g!+.(~)~&(j$)<S, for i20, and 
Thus 
- -i 
d(f OW(Y), fiYm)4YN 
- -i s d(f oEoP(Y), +‘“Si+(P)oPi(YO)‘o)) 
+d(f~(~(P))o~‘oPi(lo),f~(~(P))o~io~(Y)) 
~sh4+6(4’oPi(_FOo)~ Jiofi(Y)) 
and therefore Lop(y) = &(p)oi(y). 
Claim 3 implies that 6 projects a continuous map h : Y + X such that h, = 4. 
- - 
Since E(J,) =X,,, we have h(y,) = x0 and hog =fo h (since hog =fo h). The existence 
of h was proved. 
To see uniqueness, take a continuous map h’: Y + X such that h’(yJ = x0, hi = 4 
and h’og=foh’. Then pog=fo6’, where p: Y+ X denotes a lift of h’ satisfying 
6’(j+,) = X0. For y E Y let {pi} be as above. Then there is yi E K such that g’(y) = pi(y,), 
and so 
- -i d(f 4(y), JW(y)) = d(K$(y), Fog’(y)) 
= d(EoPi(Yi), poPi( 
= d(4(Pi)oG(Yz)9 +(Pi)op(Yi)) 
= d(h(Yi), F(Yi)) 
cdiam(K(K)u6’(K)) (i>O), 
which shows E(y) = p(y) for y E Y. The proof of Proposition B is completed. 
Before starting the proof of our theorem, we first check the following. Let A4 and 
N be compact, connected, locally path connected and semilocally l-connected 
Hausdorff spaces, and T: G + M and P: N + IV be simply connected covering 
spaces. If k : M + N is a continuous map and k, : T,(M) + rl( IV) is injective, then 
a lift E: h?l+ N is proper. 
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Indeed, since k, is injective, n: A?+ M is the pullback by k of P: N+ N. This 
means that it? is a connected component of {(x, y) E M x N: k(x) = P(y)}, T is the 
first projection and E is the second one. The properness of E is clear from this 
representation because M is compact. 
We are ready to prove our theorem. Let x,, E X be a fixed point of J Since f has 
the covering degree 22, nl(X, x0) is infinite. By Proposition A and a theorem of 
Gromov [lo], we have that rr(X, x0) contains a nilpotent subgroup of finite index. 
The following two cases can happen; (1) r,(X, x0) is torsion free and (2) rri(X, x0) 
is not torsion free. 
For the case (l), we see (by the existence theorem of a model, Franks [S]) that 
there exist an infra-nil-manifold L/T, an infra-nil-endomorphism g : L/T + L/T and 
an isomorphism 4 : r,(L/I’, r) + rrl(X, x,,) such that 
commutes. Proposition B ensures the existence of a continuous map h : L/T + X 
such that h(T) =x0, h, = r$ andfo h = hog. By using a technique of Franks [8, p. 911 
it follows that g is expanding. Use Proposition B again. Then we can find a continuous 
map h’: X+ L/T such that h’(x,) = r, hi = c#-’ and go h’= h’of: The following is 
easilychecked: h~h’(x,)=xo,(h~h’),=idandf~(h~h’)=(h~h’)~J:Bytheunique- 
ness we have h 0 h’ = id and in the same fashion, h’o h = id. Therefore h is a homeo- 
morphism. 
If we have the case (2), then there is a torsion free subgroup H of rr(X, x,,) of 
finite index (cf. Wolf [20, p. 4351). Since rrr(X, x,J/H is finite, we can find m > 0 
suchthata”~Hforalla~~~(X,~~).ThusG={cy;”a~~~~Ly~:Ly~~~~(X,~~),1>0} 
is a subgroup of H and f,(G) c G holds. Since H is torsion free, so is G. 
To check that H/G is finite, we use Theorem 6 of Malcev [14], i.e., there is a 
simply connected nilpotent Lie group N which contains H as a uniformly discrete 
subgroup. Then we can find a system {d, , . . . , dr} of generators of H such that a 
subgroup containing {d ;” , . . . , d?} is uniform in N (see [14, Lemmas 2, 4 and 51). 
Since {dy,. . . , d r} c G, it follows that G is uniform in N. Therefore H/G is finite, 
from which we conclude that ri(X, x,)/G is finite. 
Let Q : X + X be a covering space of X such that Q*(rrl(X)) = G (see [ 19, p. 821). 
Obviously X is compact. Since f,(G) c G, there is a lift f: X + .J? of f and f is 
open and positively expansive. From the first part of the proof it follows that .% is 
homeomorphic to an infra-nil-manifold (in fact, a nil-manifold). Hence a simply 
connected covering space of X is homeomorphic to RdimCX), which implies that 
rl(X, x,) is torsion free. This is a contradiction. 
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